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Effectiveness Factors of Ink-Bottle Type Catalyst Pores
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The effectiveness factors of two types of ink-bottle type catalyst pores have been
studied with a two-dimensional model assuming a heterogeneous chemical reaction.
For the Type 1 ink bottle, which is a sphere with a small aperture, the effectiveness
factor is greater than that of a cylindrical pore with the same internal surface. For
the Type 2 ink bottle, which is a cylinder with a small aperture, the effectiveness
factor is smaller than that of an ordinary cylindrical pore without a narrow neck.
In both cases the effectiveness factor decreases appreciably as the aperture size is

reduced.

The occurrence of ink-bottle type pores
in porous systems was first suggested by
Kraemer (4). These pores are so named
because they consist of wide bodies fitted
with narrow necks. According to Broekhoff
and De Boer (1), there are in general two
types of ink-bottle type pores. One type is
essentially spheroidal and another essen-
tially cylindrical. Since these pores are
different from the pores ordinarily visu-
alized to exist in catalyst pellets, it is of
interest to know how mass transfer inter-
acts with chemical reaction kinetics in
cases where catalyst pellets contain ink-
bottle type pores. This work therefore
studies the effectiveness factors of the two
known types of ink bottles.

The effectiveness factor of single catalyst
pores was studied by Thiele (§). The pores
considered by him are open at both ends
and are uniform in cross section. In that
case, when the longitudinal dimension of
the pore is much longer than the transverse
dimension, it is permissible to employ a
one-dimensional model assuming a pseudo-
homogeneous chemical reaction. In the case
of ink-bhottle type pores such an approach
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is inadequate. A two-dimensional model is,
therefore, used in this work and a hetero-
geneous chemical reaction is assumed.
Since the main purpose of this work is to
study the effect of the geometrical shape
of the pore on the effectiveness factor,
simplifying assumptions are employed in
many other aspects. These assumptions are:

1. First-order irreversible reaction takes
place at the inner surface of the pore.

2. Ordinary diffusion rather than Knud-
sen diffusion prevails. In other words, the
lowest dimension of the pore is greater than
the mean free path of the molecules.

3. No forced flow.

4. No volume change during the reaction.

5. Constant temperature.

TypeE 1 INK BOTTLE, SPHERICAL

Consider a sphere of radius B which has
a circular aperture with polar angle 6 < 4.
The equation of continuity for component
A in a reactive gas mixture 1s

(TZ 6CA>+ <sin %) = Q. (1)

or
The boundary conditions are
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B.C. 1 Atr =0 C, = finite,
BC.2  Atr=R 0<6< 6 Cx = Ca,
bo<o<nm —pa "CA = k(4. )

If we let p= (r/R), y:C—A—

o, and g =

(kR/D), the above equation and boundary

conditions become

o v), 1 @8 éz)
6p<p 6p>+s' 60<Sln008 =0. (3)

BC. 1 Atp =20
B.C.2 Atp=1

Solving Eq. (3) by the method of separa-
tion of variables and using B.C. 1, we obtain

o

v =) Awp"Pulp), (5)
n=0
where u = cosf, P,(u) = Legendre func-
tion of u and A, = coefficients to be evalu-
ated presently.
B.C. 2 can be rewritten as

B.C.2

cos by > pu> —1

Multiplying v |,—; by Pn(x) and integrating
the product between 1 and —1 give

-1
‘ Y
1

costh
mm@=/ Pr(p) du
p=1 1

1 -t dy
-~ o Pm d .
q Losﬁx p |p=1 (P') K
Since
'Y[p=1 = Z AnPn(ﬂ):
n=0
Gy E AnPa(w),
Gp |p=1
n=0
and, by Carslaw and Jaeger (2 b),
/; Pn(#)Pm(#) d# = - m 5mm

we obtain a set of simultaneous equations

from which A4,, n =0, 1,...«, can be
determined:
- -1
z An (n/ ] Pn(ﬂ)PmO") dfl'
= cosf
v = finite,
0 S g S 61 Y = ls
h <6< 3—%=——qy. 4)

2q 3 cos6;
2m+1 >_QA Pm(l‘)dTa

m=20,1,... o (7)
The effectiveness factor, 5, is defined as

[t

) -

where r, = the actual rate of reaction and
7, = the rate of reaction if the interior sur-

12 u> cost

71P=1 = 1)
L3y

Y lpm1 = — 79 (6)

p=1-

face of the pore were equally available for
the reaction. Thus,

61
ry = 21 R2/ (—D&> r—g SIN 0 df
0 ar
- cosf
= —2r RDC,, 2 A.n / P.(u) du,
n=1 !
and

61
Ty'= kCA,,<41rR2 - 27rR2/ sin @ d6)
0
= 27 R%*%C4,(1 4+ cos 6,)

Hence,

1 .
T q(U + cos 6y) 2 nd. ,/;0501 Pulw) dp.
n=1
(8)



INK-BOTTLE TYPE

The computation of the effectiveness
factors was done on an IBM 360/75 com-
puter. In the determination of the coeffi-
cients 4,, integration was done by a 24-
point Gaussian quadrature and the set of
Eqgs. (7) was solved by the Gaussian elimi-
nation method, both procedures being in
double precision. As shown above, Eqgs. (7)
involve n X m matrix where both n and m
approach infinity. In actual computation,
a 2 X 2 matrix is first employed and, after
determination of A4,, n = 1 to 2, the effec-
tiveness factor is computed. The matrix
size is then expanded to 3 X 3 and another
effectiveness faetor is computed. If these
two consecutive values of effeetiveness fac-
tors agree within 0.001 of their values, the
last computed value is taken as the effec-
tiveness factor being sought. Otherwise,
the matrix size is expanded to 4 X 4 and so
on until the last pair of consecutive effec-
tiveness factors match within the pre-
assigned tolerance stated above. The matrix
size necessary to obtain a final answer was
found to increase as the aperture size de-
creased. For example, when ¢ — 0.005, a
35 X 35 matrix was needed when 6, = 5°
whereas a 48 X 48 matrix was necessary
when 6, = 1°.

The effect of aperture size (represented

.00
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by the polar angle 6,) on the effectiveness
factor is plotted in Fig. 1 at three levels of
qg. The effectiveness factor decreases
sharply as the aperture size decreases. The
reduction of the effectiveness factor is more
remarkable when ¢ is high (that is, when
the radius R of the sphere is large, the re-
action velocity constant k is high or the
diffusivity D is low).

In an attempt to compare these results
with the effectiveness factor of the ordinary
pore, we define an area-equivalent cylin-
drical pore. The area-equivalent eylindrical
pore has an open-end base area equal to
the aperture area of the spherical ink bottle
and the remaining surface area (the lateral
surface plus the closed-end base area)
equal to the wall surface of the spherical
ink bottle. The radius of this equivalent
cylinder is

R’ = R[2(1 — cos 6;)]¥2
and its length is

2R cos 6

L= [2(1 — cos 8,)]"*

Hence the Thiele modulus of this equiva-
lent cylinder is

003 L 1 1
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Fic. 1. Effect of aperture size (polar angle 6,) on effectiveness factor ; Type 1 ink bottle.
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F1G. 2. Comparison between Type 1 ink bottle and its area-equivalent cylindrical pore.

2 cos 6,
[2(1 — cos 8,)]@/»

h = (2q)12.

The effectiveness factor of the Type 1 ink
bottle is plotted against this 2 in Fig. 2.
For comparison, the effectiveness factor
for an ordinary cylindrical pore with a
pseudohomogeneous reaction is also plotted.
This latter curve is, as we well know, de-

Type 2 INk BorriE CYLINDRICAL
Consider a cylinder of length L and
radius B which has a circular aperture
with radius r < p,R at one end where
p1 < 1. The equation of continuity for com-

ponent A is
19 aCa\ |, 9°Cy
;5«("7% a7z =0 O

scribable by the equation [Thiele (5)] The boundary conditions are
B.C. 1 At Z =0 0<r<pk Ca = Cay
aC
P1R<7'SR DB‘Z—A=kCA,
BC.2 AtZ=1L -D 59%‘ = kC,,
B.C.3 At r=0 C, = finite,
B.C.4 At r=R -2 _ e, (10)
1 tanh h If we let £ = (Z/L) and use the same defi-
T ' nitions for p, y, and ¢ as before, the above

Reduced to the area-equivalent basis, the
effectiveness factor of the Type 1 ink bottle

equation and boundary conditions become

is much greater than that of a cylinder LN 19 ( oy i Ay 0. a1
without a narrow neck. B/ pap\" 3p art
B.C. 1 Aty =10 0<p< ¥y =1,
= Rooy
p<p<l Y= Toar
_ ov _ _ L
B.C.2 At¢r=1 %= R
B.C.3 Atp=0 v = finite,
_ v _ _ L 2
B.C.4 Atp=1 =R (12)
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Solving Eq. (9) by the method of sepa-
ration of variables and using B.C. 2 and 3,
we obtain

p1/1(p1\n)

pl
f pJo(Amp) dp = \
0 m

= X, cosh [% (1l — g“)] + g sinh [2% M1 — ;)J
Y = z AnJ()()\np)

A\ cosh L A + ¢ sinh

=1

where A, = the coefficients to be evaluated
and ), = the eigenvalues obtainable by
solving the equation

M1\ = ¢JoN) = 0, (14)

which is derived from B.C. 4. In Eqs. (13)
and (14), Jo(x) and J,(z} are Bessel func-
tions of the first kind of zeroth and first
order, respectively.

To determine the coefficients 4, in Eqg.
(13), we make use of B.C. 1. Multiplying
4 lt=0 by pJo(Amp) and integrating between
0 and 1 we obtain

ok

pL

R [!oy
T - Jo(Amp) dp.
+Lq M o(Amp) dp
Here,
7 = z A~11J0(>\rtp)
{=0
n=1
and
dy _ I_J
a—g_ (o = R Zl _(47L)\HJ0(>\71P)Q",
where
.. sinh L M. + ¢ cosh L Ao
R R
Q"=>\ hé)\+ inhé)\.
n cosh 5 A, g sinh 5 A,

From Carslaw and Jaeger (2a), for A,
satisfying Eq. (14),

1
/0 pJ o(Anp)J o(Amp) dp
_ 1
TOMN?

and, from Dwight (3),

(g 4 M) 0" (An) Buny

)

L
- An (13)

R R

We thus obtain a set of simultaneous equa-
tions from which A4, can be evaluated

©

1
z An [ann / pJo()\np)Jo()\mp) (]p
P
1

n=

q
+ 22

(92 + )\m2)J02()\m)6mn:| = f;\_w! Jl(Pl)\m)
m=12 ... x. (15)

The actual reaction rate is

R
B _ aC i
ry = QWA ( D 7z z=o> rdy

w©

E AnQnJl(Pl)\n) .

n=1

= 27 RDC4p

The reaction rate if the interior surface
were entirely available for reaction is

72 = [2rRL + 2aR? — n(p1R)HkC 4,

Henece the effectiveness factor is

®©

o ) § AnQn']l(Plxn)-
2
n=1

L 1
Q(l—f—[‘{—r}m

&

(16)

Here again, the 24-point Gaussian
quadrature and the Gaussian elimination
procedure, both in double precision, were
used in the evaluation of A,. The size of
the matrix in Eq. (15) was increased until
the agreement between the last pair of
consecutive effectiveness factors fell within
0.001 of their values.

The effectiveness factor as a function of
the aperture size (represented by the di-
mensionless radius p,) is plotted in Fig. 3
at two levels of g. The effectiveness factor
decreases as the aperture size is reduced.
This reduction is more remarkable when
q is higher.
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Fic. 3. Effect of aperture size (dimensionless ra-
dius p;) on effectiveness factor n; Tvpe 2 ink bottle.
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To compare the effectiveness factor of
the Type 2 ink bottle with that of the
ordinary cylindrical pore without a narrow
neck, the effectiveness factor is plotted in
Fig. 4 against the Thiele modulus » which
is defined as

h = ié(zq)uﬂ.
The effectiveness factor of Type 2 ink
bottle is smaller than that of the ordinary
pore. This reduction is more pronounced
when g is increased.

Comparisons were made between a Type
2 ink bottle and two area-equivalent cylin-
ders without narrow necks. One of these
equivalent cylinders has a radius equal to
that of the cylindrical part of the ink
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F16. 5. Comparison between Type 2 ink bottle and its area-equivalent cylindrical pore with R’ = R.
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F1a. 6. Comparison between Type 2 ink bottle and its area-equivalent cylindrical pore with R’ = pR.
1o bottle (R’ = R) whereas another has a
CYLINDRIGAL PORE radius equal to that of the aperture (R’ =
PSEUDO ~ HOMOGENEOUS piR). When R’ = R, the Thiele modulus
REACTION . . .
0.81— of the equivalent eylinder is
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n When R’ = p,R,
0.4
1 (L
h=—7154+1—p%) 2"
e (R Tiom > 20
0.21— The results are shown in Figs. 5 and 6, re-
speetively. The effectiveness factor of a
l Type 2 ink bottle is lower than that of an
ottt ——- area-equivalent cylinder with R’ = R and

Fia. 7. Comparison between cylindrical pore with
heterogeneous reaction and that with pseudo-
homogeneous reaction.

a great deal higher than that of an area-
equivalent cylinder with R’ = p,R.

For the special case of p, = 1, the Type
2 ink bottle becomes an ordinary cylindrical

0.95 AREA-EQUIVALENT
TYPE 2 INK - BOTTLE,
LU'=2R —\
TYPE | INK - BOTTLE
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Fic. 8. Comparison between Type 1 ink bottle and its area-equivalent Type 2 ink bottle with L’

= 2R



78 CHU AND CHON

pore without a narrow neck. The difference
between the present work and Thiele’s
analysis is the fact that we considered a
heterogeneous reaction on the cylindrical
surface, including the surface at the closed
end, while Thiele used a pseudohomogene-
ous reaction model with no concentration
gradient at the closed end. The effectiveness
factors with heterogeneous and pseudo-
homogeneous reaction models are com-
pared in Fig. 7. Since the difference is
rather small, we reconfirm that the pseudo-
homogeneous reaction model is a good one
for a cylindrical pore without a narrow
neck.

To compare with a Type 1 ink bottle, we
consider an area-equivalent Type 2 ink
bottle with L’ = 2R’; i.e., as in a sphere,
with equal dimensions in three principal
directions. For this area equivalency, the
relation between 4, and p, characterizing
the aperture sizes is given by

p1 = [3(1 — cos 61)]Y%

The comparison is shown in Fig. 8. For a
fairly large aperture, the Type 1 ink bottle
has a lower effectiveness factor than that of

its area-equivalent Type 2 ink bottle with
L7 = 2R’. The reverse is true, however, as
the aperture size is reduced.
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